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We Ziawe previously discussed the characteristics of the gravitational waves (GW) 
and have, theoretically, shown that, like the corresponding electromagnetic (EM) waves, 
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• they also demonstrate, under certain conditions, holographic properties. In this work 



fNj . we have expanded this discussion and show that the assumed gravitational holographic 

images may, theoretically, be related to another property of GW's which is their possible 
relation to singular (or nonsingular) trapped surfaces. We also show that this possibility 
' may be, theoretically, related even to weak GW's. 
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1 INTRODUCTION 

It is accepted in the literature that no gravitational wave (GW) [U El E] passes a spacetime 
region without leaving its fingerprints in this region [U El El [TJ El El HD]. As emphasized 
in [7] each GW is characterized by its own intrinsic spacetime the geometry of which is 
imprinted upon the passed region in the sense that its geometry assume the same form as 
that of the GW. The imprinted geometry may be either stable for a long time if the relevant 
GW is strong or transient if it is weak El El CEO]. This geometry is, theoretically, traced 
and located in the related trapped surface [H El El ID]. Among the different kinds of these 
surfaces one may find either the singular trapped ones 0, El El E] or the nonsingular ones 
[8] which are related to the regular and asymptotically flat initial data [H El [HI CE21 HI] in 
vacuum. Both kinds of these surfaces are related to strong GW's where, as mentioned, weak 
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ones have only a transient influence upon spacetime. One may note the extensive numerical 
work regarding, especially, the collapse of source-free GW's in vacuum [HI 0, OH HH Q3] to 
black holes with the accompanying apparent horizons [51 191 fTUl [T5]. 

In [16] we have compared the EM theory with the linearized version of general relativity 
and have arrived at a possible theory of gravitational wave holography in which the subject, 
the reference [TZl [18] and the reconstructing (TT], [18] waves are all GW's. We note that 
a more thorough comparison between the EM theory and the linearized version of general 
relativity has led Kuchar [20] to the concept of extrinsic time which is canonically conjugate 
to spatial coordinates and not to the energy as is the usual intrinsic time. The basis of the 
comparison in [H] which leads to the assumed holographic properties for GW's is the phase 
difference and the interference which are found to exist for both EM [TZl HB] and gravita- 
tional [16] plane waves. This may be related to the conclusions in P, [7] that the collision 
(corresponds to interference) between two plane waves results with a strengthening (corre- 
sponds to constructive interference) of them with the consequence of forming a singularity 
in the related region which is, generally, surrounded by a surface. Thus, the gravitational 
holographic image which is characterized by: 

(1) The same spacetime geometry as that of the generating GW [IB] . (2) Changing the 
spacetime curvature in the region containing it relative to neighbouring regions. And (3) 
is formed from the constructive interference of two plane waves corresponds to the trapped 
surface [HI [EH] which, likewise, (1) has the same spacetime geometry as that of the forming 
GW [3 [JO]. (2) denotes a change in spacetime curvature in the region which contains it 
[H [H]. And (3) results also from the strengthening collision of two plane waves 0, [7]. This 
correspondence may lead one to adopt for gravitational holography the same conclusions 
and methods applied for trapped surfaces, such as, for example, calculating their intrinsic 
geometry. 

We note that although we refer here, as the basis for any linearized discussion of general 
relativity, to weak GW's, which entails only a small transient change in spacetime curvature 
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[TO] this small change may, however, persists if the GW which gives rise to it stays in the 
related region. This is the same as the optics holograpic images which are seen only when the 
reconstructing (reference) wave is sent through the hologram. That is, there exists a strong 
correspondence between the (visualized) material of the optics holographic image which is 
made from the light of the EM wave and the material of the gravitational holographic image 
(trapped surface) which is related to the mass of the GW. Note that this mass were shown 
to be real and positive even for a source-free GW in vacuum [H [5] and without it no change 
in curvature results. 

The mentioned trapped surfaces may, in principle, be visualized by drawing embedding 
diagrams [TJ, 0J [TO] of their geometry. As noted in [5] it is a difficult task to embed the 
whole trapped surface but one can manage to embed the equatorial plane especially if it has 
rotational symmetry such as the initial data of Brill [HI [TQl EE] or the Kuchar's cylindrical 
ones [20]. Some embedding methods may be found, for example, in [JT] or [5]. We show here 
that the gravitational holographic image, which (1) result from the constructive interference 
of plane GWs [16] and (2) are restricted to small regions [16], may be regarded as a kind 
of trapped surface [HE]. For this purpose we have calculated, using the methods in [5], the 
geometry of the equatorial plane of the related holographic image. 

In Section II we calculate the relevant expressions, such as the metrics, polarization 
and locations of test particles (TP), for the linearized plane GW in the transverse trace- 
less (TT) gauge [TJ. The mathematical process [TJ, leading to the calculated locations of 
TP's, is introduced, for completness, in Appendix A. In Section III we calculate the relevant 
intensity, exposure and transmittance for the GWs which constitute the gravitational holo- 
graphic process introduced in [16]. In section IV we use the methods in [5] for calculating 
and introducing the appropriate embedded trapped surfaces S] related to the discussed 
gravitational holography. The corresponding embedding, resulting under certain conditions 
from EM waves, is calculated in Appendix B. As mentioned, the basis for the assumed 
gravitational holography was the comparison in [16] between EM theory and the linearized 
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version of general relativity. This comparison, beginning from the initial separate waves and 
their interference, continuing with their related intensity, exposure and transmittance and 
ending with the corresponding trapped surfaces is demonstrated in Table 1. We summarize 
our results with a Concluding Remarks Section. 

2 The linearized plane gravitational wave 

A gravitational wave is known to be characterized [H [2] by an oscillating curvature tensor 
which causes the immediate neighbourhood of the space-time region through which it pass 
to correspondingly oscillate [TJ. An example of such an oscillation is shown in Figure 1 where 
a circular array of TP's changes its form to an elliptic one. If the relevant region includes the 
location of any two neighbouring TP's, which move along geodesic lines, then the interval 
between these lines also oscillates. We discuss two representative TP's, denoted A and £>, 
each traversing its own geodesic denoted also by the same A and B. The separation between 
A and B is denoted by the vector n. The calculations here, such as the proper locations of B 
are done with respect to the proper reference frame of A. That is, the spatial origin x^ = 
is located on the world line of A and the coordinate time x° is identical to its proper time, 
e.g., x° — ta- The system is also assumed to be nonrotating and so it may be considered to 
be a local Lorentz frame [U [21] along the whole world line of A and not just at one event 
of it. As mentioned, we discuss here weak GWs and the corresponding linearized theory of 
gravitation. Thus, one may write the metric tensor as 

5V = V + h ^ + °(V) 2 ' I 1 ) 

where rj^ is the Lorentz metric tensor [H [21] and h^ v is a small metric perturbation which, 
as emphasized in [T], denotes also the passing GW which is itself a traveling perturbation in 
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spacetime [HE]- The metric, therefore, is [TJ 

ds 2 = -dx° 2 + 5 jk dx 1 dx k + 0{\x j \ 2 )dx a dx 13 (2) 

We use the transverse-traceless (TT) gauge [H [2] in which the tensor is considerably 
simplified and reduces to a minimum number of components [TJ. In this gauge the compo- 
nents of the metric tensor satisfy (1) hJJ = 0, that is, any component of the metric tensor, 
except the spatial ones, vanishes, (2) h^.Jj = 0, so that these components are divergence-free 
and (3) are also trace-free, e.g., = 0. Thus, since, as mentioned, the gravitational wave 
is the same as hjjf it, naturally, has the same properties. 

The relevant calculations for the changed location (due to the passing GW) of B relative 
to A are introduced in [TJ and repeated, for completness, in Appendix A. The expression for 
this location is 

4( r ) = 4(0) (Sjk + 2 h Jk)atA (3) 

In the following we refer to a plane monochromatic gravitational wave advancing in the 
general n direction where the TP's A and B and the geodesies along which they propagate 
lie in the plane perpendicular to n. Denoting the two perpendicular directions to n by e„ 1? 
e„ 2 and comparing the polarization of the GW to that of the EM waves one may realize [TJ 
that to the unit polarization vectors e„ 1 and e„ 2 of the electromagnetic linearly polarized 
wave, which propagates in the n direction, there correspond the following gravitational unit 
linear-polarization tensors 

e +n lftl = ^1 ® - ® e fi 2 

e Xfi 1 n 2 = e ni ® e n 2 + e n2 ® e ni 

where ® denotes the tensor product. In the following we denote by r the position vector of 



(4) 



e n2 ® e ni + e ni ® G„ 2 I — G Xfi ^ 



THE LINEARIZED PLANE GRAVITATIONAL WAVE 



6 



a point in space and its components by ri, r 2 , r 3 . Thus, taking into account, as mentioned 
after Eq ([2j), that in the TT gauge the following constraints hold hJJ = 0, hj?j = 0, /ifj = 
one realizes, using Eq (TjJ, that, for the GW propagating in the n direction, the only nonzero 
components which remain are [T] 

h Z lAl =^+ e +^ 1 e ~ l/VfcrA ) = A + e + &1&1 •cos(A;(r 1 cos(«)+r 2 cos(/3) + r3Cos(77)) - 
-/*) = ~ h Z 2A2 = "^e^e^e**) = (5) 
= -A + e + •cos(/c(r 1 cos(a) + r 2 cos(/3) + r 3 cos(77)) - ft) 



h Z lA2 = ^[ A x e x AlA2 e ~ ifteikrh ) = ^ x e Xflift2 •cos^(r 1 cos(a) + r 2 cos(/3) + r 3 cos(?7)) - 

^) = <. 1 =R (^ e " </tettrt ) = (6) 
= A x e XA2iii • cos^/c(r 1 cos(a) + r 2 cos(/?) + r 3 cos(?7)) - ftj 

where 9ft denotes the real parts of the expressions which follow. The amplitudes A + and A x 
are related, respectively, to the two independent modes of polarization e +ft & (= — e +fiaft2 ) 
and e Xfiifi2 (= e x& & ), fe is / is the time frequency, and cos(a), cos(/3), cos(^) are the 
direction cosines of n. Thus, one may write the perturbation hjjf, resulting from the passing 
GW, as 

h T 3 I = h T + l + hH = u{{A + e +jk + A x e Xik )e-*e**) (7) 
= (A+e+ jh + A x e Xjh ) cosffc(ri cos(a) + r 2 cos(/3) + r 3 cos(r/)) - /tj 

The effect of the perturbation upon the interval between two TP's may best be understood 
by considering a large number of TP's B which form a closed ring around the TP A in 
the center. The effect of the passing wave with either e + or e x polarization upon the ring 
is shown in Figure 1. From this figure one may realize that circular array of the TP's B is 
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periodically changed by the passing plane GW to elliptic one. These periodic changes depend 
upon the phase of the GW as shown in the figure. Since we discuss here several different 
GW's such as the subject and the reference ones we denote these waves by the appropriate 
suffixes S (for subject) and R (for reference). Substituting from Eq (|ZJ) into Eq (An) of 
Appendix A, which gives the change in the spatial interval between the TP's A and B due 
to the passing subject GW, one obtains for j = ni 

X B S = | X B(0) S + 2 { A + e +A 1 n 1 x B{0) s + A x e Xn lti2 x 6(0)3^ ' ( 8 ) 

■ cos (^k (^x cos(a) + y cos(/3) + z cos(r])J — ft 
And for j = n 2 one obtains 



atA 



X Bl ~ \ X B{0)s + 2 ^ xe Xft 2 fti a; 8(0)s + A + e +A 2 A 2 X B(0)s ) ' (9) 



cos 



k(xcos(a) + ycos(/5) + zcos(?7)) — ft 



atA 



Denoting the cosine expression cos\^k(x cos(a) + ycos((3) + zcos(r])^ — ftj by D one may 
realize from the last two equations that the location of the TP's B has been changed, due to 
the passage of the GW, from the initial value of (xbm\ s + ^woO *° ^ ne ^ na ^ one °f 

4 S = 4\o )s (l + y(^+e +niril + 4e x%ai )) + xf {0)s (l + j(A + e +it2A2 + (10) 
\ rfi rf2 / DA x e XAiA \ rfi rf2 DA + e +AiAi 

+ A x e XA lA2 ) J = ( X B(0) S + X S(0) S ) ( 1 H 2 ~ J + ( X ®\o) s ~ X B 2 (0) S ) ' 2 — ) 

where the last result was obtained from the first of Eqs (J4|) . One may see from Eq f TT0T > that 
the change in the location of B due to the subject GW amounts to 

n n n DA X e X &1&2 rf n DA + e +A lAl 

^ X B S = ( X B(0) S + X B(0) S ) n ~ + ( X b\o) s ~ X B 2 {0) S ) ' 9 ~ (H) 
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As shown [16] this change is added to a similar change due to a second GW which construc- 
tively interfere with the former GW. The resulting sum is imprinted in spacetime in the sense 
that a circular array of TP's is changed to an elliptic one. The theory of this interference 
and the resulting gravitational holographic image has been detaily described in [16] and we 
introduce in the following section the results obtained there. 



3 The gravitational intensity, exposure and transmittance 



The reference wave denoted by the suffix R may be given, as done in [16], by an expression 
similar to Eq (jjj) and the change in the location of the TP B due to its passage may, likewise, 
be written in a form similar to Eqs f[8|)- (TTTh . Thus, using Eq (j2j) and the expression [16] for the 
intensity of GW, one may write the intensity of the total wave resulting from the interference 
of the subject and reference waves as 



^■jk JK jk J jk jk jk 

Hhll k + hZ k T(hl T +h T x T )>, 

°jk °jk jk n jk 



where the asteric denotes the conjugate part of the relevant complex expressions. In the fol- 
lowing we append to A + , A x , e+, e x , r, n the suffixes S and R to differentiate between the 
subject and reference GWs. Thus, we use [U [16] for the subject and reference GWs the fol- 
lowing expressions; hl T s k = A +s e +s ^e- ifst e ikrshs , h T / s ^ = A Xs e Xs ^e- ifst e ikrsils , ti^ ^ = 
A +R e +R k e~ l f Rt e tkrRllR , = A XR e XR k e~ l f Rt e' tkrRnR . Assuming, as generally done in op- 



tics holography, the same frequency fs = fn = f for the subject and reference GWs one ob- 
tains for the average factors in the third average term in Eq f fT2l) lim^oo I-t e l ^ R ~^ s ^dt 
lim^oo A. J^ T dt = 1. Thus, one may write Eq (TT2l) as 

I(s+R) 3 k = ( A +s e +s, k + ^x s e x ) • ( A +S e + + A Xs e x ) + (13) 
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+2( A +S e +Sjfc + A Xs e Xs ^J ■ (A +K e +K ^ + A XR e XR . k j cos(^(r 5 n s - r R n R ; 



is 



where the trigonometric identity e lk ( rsns ~ rRnR }+e~ lk ( rsns ~ TRnR ) = 2 cos^/c^n^— r^n^ 
used. One may realize from Eq (fT3l that for cosffc(rRiiR — r^ng)^ = there is no 
interference at all between the GW's h 7 " 7 , h 77 and h 77 , h 77 and the total intensity 
I(s+R) jk is the addition of the separate intensities Is jk and I Rjk . That is, for {kirs'a.s — 
r R n n) ) — ^ wri ere N are the uneven numbers N = 1,3, 5 one obtains 



l (s+m jHcoeiHrsns _ rRnR))=0) = ^ +s e +8jk +A X8 e Xs . k ) ■ ^A +s e +Sjk +A Xs e Xs . k ) + 

+ ( A + ne +Rjk + A XR^R 3k ) ■ { A + R^R jk + A XR e *R 3k Y (14) 



For cos(/c(r5n S '— r^n^)) ^ the interference between the GW's h 77 , h 77 and h 77 ^ , h 77 ^ 

jk jk jk jk 

does not vanish and the intensity I(s+R) jk depends upon the value of cos(fc(rsfis — tryir)). 
Thus, for cos(A;(rRnR — rsns)) = ±1 one have 



(s+R)jk icoB(Krs&s _ rR&R))=±1) 



±[ A + R^R lk + A XR^XR jk 



( A +s e +s^ + ^x s e x , ± (15) 



where the + sign between the two terms at the right corresponds to cos(k(r s h s — r R h R )) = 1 
and the — sign to cos(k(r siis — r rUr)) = —1. Equation (fT5l ) may be used in conjunction with 
Figure 1 to differentiate between constructive and destructive interference. We first take into 
account that for constructive interference the GW's hT 7 , hT 7 and h 77 , h 7T must have 

+ S jk +R jk Xs jfe XR jk 

approximately the same unit polarization tensors, e. g. , e +s k ~ e + R . k , e x s k ~ e x fl . k and 
for destructive interference these GW's must have approximately opposite unit polarization 
tensors, e. g. , e + „ « — e +B , e x „ « — e x „ . 

S jk S jk R jk 

Thus, one may realize that the first case of approximate similar polarization for the 
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GW's ftTT , hV^ and h 7 ^ , /i^ must corresponds to cos(Hr,gns — r R ii R )) = 1 and the 

jk b jk "'jk R jk 

second case of approximate opposite polarization for these GW's corresponds to cos(fc(rsng — 
r R n R )) = —1. This may also be realized by using the trigonometric identity cos(k(rsns — 
r R h R )) = cos(kr s hs) cos(kr R h R ) + sm(kr s ns) sin(kr R h R ) from which one may conclude 
that for cos(A;(rsns — r R n R )) = 1 the angles krs~hs and kr R h R respectively related to the 
subject and reference GW's should be approximately the same or differ by 27m, where 

n = 0, ±1, ±2, ±3 The latter relations between the angles kr s h s and kr R h R means 

that the polarizations of the corresponding GW's are the same and, therefore, constructively 
interfere. In a similar manner one may realize that for cos(A;(r,s'ris' — r^n^.)) = —1 the former 

angles should be separated from each other by (2n+l)-7r, where n = 0, ±1, ±2, ±3 which 

means that the corresponding polarizations of these waves are opposite to each other and, 
therefore, destructively interfere. Thus, since as just mentioned the two cases of cost^r^ng — 
r R h R )) = 1 and cos(A;(rsn5 — r^n^)) = —1 respectively correspond to the same (costructive 
interference) and opposite (destructive interference) polarizations for the GW's hTT , h^T 
and h 7 ^ , h 77 one may rewrite Eq (TTSl) as 



For further substantiating the former discussion we refer to Figure 1 and, therefore, we 
particularize the general indices j and k and assume, for example, j — k — n x . We also 
denote the horizontal and vertical axes in Figure 1 by ni and h 2 respectively. Thus, for 
j — k — ni and cos(/c(rsfi5 — r R h R )) = 1 Eq ( JT6l) becomes 



■jk 



I(S+R) 



(cos(fe(r s fi s -r ii n i j)) = ±l 



(e +Sjfe (A +s ± A +R ) + e XSjfc (A Xs ± A x j) ' (16) 



I(S+R) 




(17) 




where we use the first of Eqs ([4]). From the last equation one may realize that the unit 
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polarization tensors e+„ and e + „ are similar to each other which means that the 
GW's hZ 7 and ftTT act in identical manner upon the ensemble of TP's B which is 

"^1*1 ^1*1 

to turn it from a circular form to an elliptic one so that they are constructively interfering 
together. 

In a similar manner one may discuss the case of cos(fc(rsfis — trUr)) = — 1 so that for 
j = k = hi Eq (fT6l ) may be rewritten as 



/ (S+i?.) fll£ll(cos(ft{rsfls _ rflftii))= _ 1) - ^ e +s fllfll ( A +s - A +r) ) ~ ( 18 ) 

(e Al ® e fil - e„ 2 ® e fla )(A +s - A+ R )\ , 



where we again use the first of Eqs (JIJ). From the last equation one may realize that, as 
mentioned, the unit polarization tensors e +q and e +R are opposite to each other. 
That is, the GW's /iTT and ^iTT act in contradicting manner upon the ensemble of 
TP's B so that, for A +s « ^4+ B , the resulting action is almost null which means that they 
are destructively interfering with each other. 

When, however, the general indices jk are particularized to j = ni and k = n 2 then 
one may follow the former discussion and conclude that for cos(A;(rsn,s — trUr)) = 1 the 
polarization tensors e x „ , e Xr? of the respective GW's h 77 , h 7T are similar to 

"1*2 "1*2 s &!&2 A 1 A 2 

each other. Thus, Eq (1T6|) may be rewritten in this case as 
= f(e fil ® e A2 + e fi2 ® e fil )(A Xs + A> 



2 



where we use the second of Eqs (BJ. As seen from the last equation the unit polarization 



tensors e x „ and e x are similar to each other which means that the GW's /iTT 

ni"2 "1*2 "1*2 



and h 77 act in identical manner upon the ensemble of TP's B which, as seen from 

ft l ft 2 

Figure 1, is composed of; (1) turning it from a circular form to an elliptic one and (2) 
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rotating it by 45 degrees so that they are constructively interfering together. The case of 
cos(k(r siis — r R h R )) = —1 may also be discussed in a similar manner so that for j = hi, k = 
h 2 Eq ( fl~6l ) may be rewritten as 

J (5 f +fl)ft 1 fi 2 Coos(fe(r s fi g -r Jt n Ji ))=-l) = [^S^^^ ~~ A * r)) = ( 20 ) 

>n! ® e„ 2 + e Aa ® e ftl )(A Xs - A XR )^j , 

where we again use the second of Eqs (J4j) . As realized from the last equation the unit 
polarization tensors e x „ and e x „ are opposite to each other. That is, the GW's 

n l n 2 "l n 2 

/z-xT an d /i X R ac t m contradicting manner upon the ensemble of TP's B so that, for 
A Xs « A Xr the resulting action is almost null which means that they are destructively 
interfering with each other. 

As for the gravitational hologram we may understand its nature, as emphasized in [16j, 
from the known corresponding holograms used in optics holography. The latter are pre- 
pared [TZI [18] so as to efficiently record the initial constructive interference of the subject 
and reference waves so that directing later the reference wave upon its surface results in 
reconstructing the initial subject wave [T71 fT8]. 

A great simplification of the recording process is obtained in optics holography, as done 
in [18], when one discusses a small area holograms in which case one may assume a linear 
recording process pEE]. This process is also used in [H] for the gravitational case and were 
theoretically shown that one may reconstruct the initial subject gravitational wave. That 
is, as shown in [16], the imprinted spacetime of the subject GW hW = + upon 
the small region A (see Figure 2) becomes effective in the sense that if a reconstructing 
GW, which should be identical to the original reference wave, passes through this region 
the effect is to cause a contraction of A along some axis and elongation along another as 
shown in Figure 1. This is the meaning by which gravitational holographic images should be 
understood. In other words, assuming as in optics holography pUCEE], ^ e spacetime 
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region exposed to the interfering subject and reference GW's acquires some transmittance 
t E T which depends upon this exposure E one may suppose the following: 

(1) the exposure E is proportional to the intensity Is+r from Eq ( fT3l) so that E = kIs+RT e 
where te is the exposure time and k a proportionality constant. 

(2) the exposure E may be written as a sum E{r) = E + E\{r) of a constant term E 
and a space dependent one Ei(r) where the restriction to the small region A enables one to 
sustain the inequality Ei(r) < E over A. 

(3) Using (2) one may write the transmittance t|J T over A as a Taylor series in which the 
coefficients of the second and higher order terms may be neglected. That is 

t TT = t TT {E T T) + E r^§\ Er + l(El T ) 2 ^r\ Er + " " " , (21) 

where ^tIe^t ~ ^-ff \e^ t ~~ ••••0- Thus, as for optics hologram [IT], [18] and as shown in 
[16], for reconstructing the subject wave Iig T k one should send through A a reconstructing 
GW, which is identical to the reference wave h^ k , so that using (l)-(3) and Eq (I2TT) one 
obtains 

W = hZt¥ = h% h Er(r) d j§\ EV = Crr ■ fcg, (22) 

where Ctt is a proportionality constant. In Table 1 we have outlined and followed the whole 
gravitational holographic process from the initial separate subject and reference GW's until 
the final formed trapped surface. Since, as mentioned, this process is based upon the com- 
parison done in [16] between the optical holographic theory [171 [18] and the linearized version 
of general relativity [U [2] we have also described in Table 1 the corresponding optics holo- 
graphic process. Thus, one may see in this table side by side the corresponding expressions 
for the two processes. 

We should note here that unlike the EM field which may, experimentally, be traced and 
located in any region in space however small it is the gravitational field can not be located 
p] in such a manner. That is, as emphasized in [Tj (see P. 955 in [TJ), "the stress- energy 
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carried by gravitational waves can not be localized inside a wavelength etc. However, one 
can say that a certain amount of stress- energy is contained in a given "macroscopic" region". 
That is, the gravitational wave formalism is applied for averages over several wavelengths. 
However, as mentioned, for very small wavelength, which is the limit discussed here, not 
only this formalism is valid but also the comparison between it and the EM one. 

4 Calculation of the embedded surface 

As mentioned, the holographic image over A have a spacetime geometry which is the same as 
the spacetime geometry of the subject GW h^J k . We have also mentioned that the spacetime 
geometry of the trapped surface is the same as that of the GW which gives rise to it [5l [TTj. 
This similarity between the holographic images and trapped surface lead us to suppose 
that, theoretically, they are similar entities. Thus, one may be tempted to use the known 
embedding methods [HI E] of calculating the geometry of trapped surfaces for finding the 
geometry of the gravitational holographic images. Now, since the embedding of the calculated 
geometry is into the Euclidean space [5] we have first to convert the tensor metric components 
^firfii = ~~ ^fi^n 2 ' ^fnn 2 = fr° m Eqs which were calculated in the n, n 1; n 2 

system, into the x, y, z Euclidean system. That is, substituting n = z, n x = x, £12 = 
y, r = xi + yy + zz one may write the Euclidean metric components as 

hH = K(Ve + ^e^¥ fc -) = A + e +ii • cos(kz - ft) = 

= -f% = -5?(Ve + ..e-^¥ fcr2 ) = -A + e + .. ■ cos(kz - ft) (23) 

hH = u{A x e Xm e- ift ^ = A x e Xi . • cos{kz - ft) = 

= hTT = ^A x e x ^e-^e ikr ^ = A x e x .^ ■ cos(kz - ft), 

where e +ijc , e + ^, e Xjt . are the Euclidean unit linear-polarization tensors given by Eqs (J4|) 
in which we substitute n = z, ni = x, n 2 = y. Thus, using the last equations and the 
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discussion after Eq ([2]) one may write the metric from Eq ([2j) in the TT gauge as 



(ds TT )f jiS £ ) = h?ldx 2 + h?Tdy 2 + 2h??dxdy = A + e +ii ■ cos(kz - ft)dx 2 + 

+A + e +9f ■ cos(kz - ft)dy 2 + 2A x e x ^ • cos(kz - ft)dxdy = 

= A + e +A& ■ cos(kz — ft)(dx 2 — dy 2 ) + 2A x e Xjt . • cos(A;2; — ft)dxdy, 



(24) 



where the last result was obtained by using e + .. = — (see the first of Eqs (BJ). In order 
to calculate the embedded surface of the holographic image we first express the metric from 
Eq ( 1241) in the cylindrical coordinates (p, 0, z) where x = pcos(</>), y = psin((/>), z = z so 
that 



where the following trigonometric relations were used (cos (0) -sin 2 (</>)) = cos(20), 2 sin(0) cos(0) = 
sin(20). We have also transformed from the cartesian unit polarization tensors e +i3t , e +x . y 
to the corresponding cylindrical ones e + by using: 

(1) The unit polarization tensors in the (e x , e y , e z ) system e +jfci . = e x <g) e x — e y <g> e y = 
-e+.., e x ^ = ® e y + e y ® = e x ._ (see Eqs gj). 

(2) The transformation relations from the (eg, e^, eg) coordinate system to the cylindrical 
one (e^e^ei) [27] 



and (3) the triginometric identities (cos 2 (0) — sin 2 (0)) = cos(20), 2cos(0) sin(0) = sin(20). 
Thus, the cylindrical unit polarization tensors e + „., e + .. in Eq (|25l) are, respectively, given 




ex = cos(0)ep - sin(0)e?, e y = sin(0)e^ + cos(0)e7, e z = e z 



CALCULATION OF THE EMBEDDED SURFACE 



16 



by 



p4> 



cos(20) (e p <g> - ® e^J - sin(20) ( e^g ® + ® ) (26) 
sin(20) fej ® - ® e^j + cos(20) (e^ g> + ® 



We assume here, as in [HE], a no-rotation case so that /iTJ is identically zero. Thus, removing 
from Eq (l25l) the d/9<i0 part one obtains 



(ds T %^ = h T J£ P + h^= (27) 
= cos(/c2; - ft) (^A + e + .. cos(20) + A x e x ^ sin(20)^ {{dp 2 - p 2 rf0 2 ; 

We, now, find the embedding of the holographic image and begin by assuming, as for the 
trapped surfaces discussed in [5], that its metric in the small surface A (see Figure 2) is that 
of a surface of rotation z(x, y) related to Euclidean space. That is, one may write 



x = a(p) cos(4>), y = a(p) sin(0), z = b(p) (28) 

Thus, using the expressions for hJJ and /i^J from Eq ( |27l ) one may write the metric of the 
holographic image as 

ds 2 = dx 2 + dy 2 + dz 2 = (a 2 (p) p + b 2 (p) p )dp 2 + a 2 (p)d<p 2 = (29) 
= h T Jd 2 p + h T ^d 2 <P = cos{kz - ft) \A+e+„ cos(20) + A x e x sin(20)) [dp 2 - 
-p 2 dcf) 2 ^ = cos(kz - ft) sm ^ (A x - A+) (e p ® + <g> + 
+ (A+ cos 2 (20) + A x sin 2 (20)) (e p g> - g> e J (d 2 p - p 2 d</> 2 ) 



where a p (p), b p (p) denote the first derivatives of a, b with respect to p and the last result is 
obtained by substituting from Eq ([26]) for e x ,~, e +pp- Note that when the amplitudes A x , A + 
are equal the expression (A + e +fi . cos(20) + A x e x ... sin(20) j is considerably simplified and 
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becomes 



\A + e +fi . cos(20) + A x e x ^ sin(20)) = A, 



e p <g> e p - ® 



The quantities a(p), a p (p) and which defines the intrinsic geometry of the holographic 
image upon the small area A are determined from Eq (T29f) as 



o(p) = p 



,) + 



+ (A+ cos 2 (20) + A x sin 2 (20)) (e$ <g> - e p ® e p 
o(p) p = cos(A;2; - ft)!^-^-(A + - A x ) (e p <g> + <g> e p ) + 
+ (A + cos 2 (20) + A x sin 2 (20)) ^ <g> - e p <g> e p 
6(p) = / dp[cos(fcz - /t )j sm (^) (Ax _ Af ) ^ e „ + e< . e ^ + 

-« 2 (P)/ 



+ ( cos 2 (20) + A x sin 2 (20) e p <g> e p - e * <g> e 



(30) 



Note that the geometry of the small surface A determined from the former quantities 
a(p), a(p) p , b(p) is that of the subject GW h'g T , . 



5 Concluding Remarks 

We have continued and expanded our former discussion [TB] regarding the holographic prop- 
erties of the GW's which, theoretically, results from a comparison between optics holography 
and the linearized version of general relativity. It is argued that the outcome of the gravita- 
tional holographic process, which is the additional curving of the relevant spacetime region 
compared to neighbouring regions may be considered as if the spacetime geometry of the 
passing GW was implanted upon this spacetime region. Thus, this finite spacetime region 
which carry the geometry of the passing GW may be thought of as a surface formed by 
this GW which corresponds to the trapped surfaces [HI [EH HD] which are also; (1) imprinted 
upon spacetime by passing GW's and (2) carry the same spacetime geometry as that of the 
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The passing GW causes periodic changes of the array of test points from circular to elliptic form 




2n*180 degrees 



(2n+1/2)*180 degrees 



(2n+1)*180 degrees 



(2n+3/2)*180 degrees 



Figure 1: A schematic representation of the influence of a passing plane GW upon a circular 
array of test particles which periodically changes its form to elliptic array. The first column 
at the left shows the influence of the unit polarization tensor e+. . , the middle column 

1 n l n l 

shows that of the unit polarization tensor e+. . and the right column represents e x . . . 

J- in 2 no ° 1 " n^ n2 

Note that e+. . = — e . . . 
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Figure 2: The constructive interference process of the subject and reference waves over the 
small region A shown in the middle of the figure. Other small regions, denoted E and F are 
shown higher and lower than A. The lines, representing the GW's which proceed to these 
regions are shown in dashed forms. 
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generating GW's. Moreover, this correspondence is more emphasized by noting that it has 
already been found [6j [7] that the collision between two plane GW's results in the overall 
strenghtening of them [H [7] (corresponds to constructive interference) and the formation of 
a singularity, which is generally surrounded by a surface, in the involved region. 

Now, although these trapped surfaces are generally discussed in the literature [51 fTOl 181 19] 
as formed from strong GW's which do not conform to the linearized version of general 
relativity and the resulting weak GW's discussed here it should be noted, as mentioned, 
that we only discuss here the situation in the presence of these GW's. That is, as already 
emphasized in [10], weak GW's do not leave any impression upon the relevant spacetime 
region after passing and disappearing from it but they obviously influence this finite region 
during their presence in it. Thus, although the GW's, including the weak ones, move with 
the velocity c of light one may discuss either the situation at the very instant at which 
this wave passes this region or the situation at which a large number of similar waves are 
passing one after the other through this region. Moreover, we discuss here the constructive 
interference of two GW's which have a larger influence upon spacetime compared to that of 
the single one. And indeed it is shown here that these GW's does form during their presence 
in the relevant spacetime region a trapped surface which, as mentioned, remains and stays 
so long as the forming waves does not disappear from it. 

We note that unlike the EM holographic images which are 3-D surfaces seen by the naked 
eye and so may be directly discussed in observational terms such as length, distance, intensity 
etc the gravitational holographic images, actually, denote changes of spacetime curvature and 
topology [25], [26] which can not be directly observed and measured (see discussion in [T6]). 
Moreover, the efforts to experimentally detect [28] GW's did not succeed thus far. However, 
this does not prevent us to use the equivalence principle [HEE] and describe any physical event 
in terms of either curved spacetime in vacuum without resorting to any physical interactions 
or in terms of physical particles subjected to physical correlations and forces in otherwise 
flat spacetime. 
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In order to illustrate our meaning we refer to the linearized GW discussed here and 
in [16] which changes spacetime curvature in the region passed by it so that, as shown in 
Figure 1, n test particles (TP) arrayed in circular form is transformed to an elliptic one. 
This process may be discussed from the point of view of curved spacetime so that the n 
particles are represented by n Einstein-Rosen bridges [24] each of them is surrounded by 
an intrinsic trapped (minimal) surface [HI [TT]. And their being now in locations in which 
they are generally closer to each other (as in an ellipse array) is described by an additional 
trapped surface [TT] (the n + 1-st one) which connect all the n Einstein-Rosen bridges. One 
may alternatively describe this process by saying that n physical particles, which are always 
situated in flat spacetime, have undergone some physical correlation which changes their 
initial spatial array from a circular form to an elliptic one. 



In this appendix we refer to a TP which fall freely along the geodesic A and watches another 
TP falling freely along a neighbouring geodesic B. Referring to the general case of a coor- 
dinate system in which the basis e@ changes arbitrarily but smoothly from point to point 



A APPENDIX A 



B The linearized gravitational wave 



and denoting the tangent vector to the geodesic G(n, r) as u 



dG(n,T) 
dr 



one may write the 



velocity of the TP along B relative to that along A as 



V u n 



(Al) 



n^; 7 is the covariant derivative of given by [U EJJ 



P. _ 

• 17 



drfi 




(A2) 



n 



dx-y 
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where 



— 9 — n 9 (9v[t,y + 9v~i,v 9n~l,v) (A3) 



The expression between the circular parentheses in (Al) represents the components of V u n 
and is denoted by ^p^. Thus, using Eq (Al) one may write [I] 

The acceleration of the TP along B relative to that along A is [T] 

V u (V u n) = -R, (A5) 
where R is the Riemann curvature tensor given in component form as [H [21] 

L01& dx~< dx 5 ^ L M7± 136 L 01 



pa _ ^ x §$ 01 , pa p^t pa pM / 4 /?\ 

_ "^37" ~33T 1 M7 1 /3<5 1 U5 1 fl 7 y^v) 



Eq (-45) may be written in component form as [T] 

D 2 n a 



fl^iiVn'' (o7) 



dr 2 ^ 

Now, returning to the local Lorentz frame represented by the metric ((41) one may realize that 
since, as mentioned, x° = r on the world line x J = of A the relation (-47) reduces to the 
much simplified form 

= -^feo^ = -^-oM)^ (A8) 

We note that the transverse trace-free (TT) coordinate system may move, to first order in 
the metric perturbation hjj[ , with TP A and with its proper reference frame. Thus, to first 
order in hj£, one may identify the time t in the coordinate system TT with the proper time 
r of the TP A so as to have Rj^-o = -^jofco- I n the last equality the Rjoko at the right is 
calculated in the proper reference frame of A and that at the left is calculated in the TT 



APPENDIX B 



23 



coordinate system where it has been shown (see Eq (35.10) in [T]) to assume the very simple 
form of 

RjOko = -^JfcToo (A9) 

One may notice that since the TT coordinate system moves with the proper reference frame 
of TP A they are both denoted by the same indices (0, k, j) without having to use primed and 
unprimed indices. Note that since the origin is attached to .A's geodesic the components of 
the separating vector n are, actually, the coordinates of B. That is, denoting the coordinates 
of A and B by x J A and x B respectively one may write n- 7 = x B — x\ = x B — = x B . One may 
also notice that at x^ = the connection coefficients T^g satisfy T^ g = for all x°. This 
entails also the vanishing of thereby the covariant derivative ^pr- becomes ordinary 
derivative and, using Eq (A9), one may write Eq (A8) as 

rl 2 r j 1 d 2 h T T 

We choose the initial condition that the test particles at A and B were at rest before the 
wave arrives, that is, x B = x B ^ when hJfF = 0. In this case the solution of Eq (A10) is 



4(o)(^fc + ^W, {All) 



which represents the change in S's place due to the passing wave as calculated in the proper 
reference frame of A. The hJjF at the right hand side of the last equation represents the 
perturbation caused by advancing gravitational wave which may be assumed to have any 
form. One may choose any general waveform which may analytically expressed as an infinite 
expansion of scalar, vector or tensor spherical harmonics [2] or one may prefer an exact plane 
gravitational wave (see Section 35.9 in [T]). 
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A APPENDIX B 



B The EM trapped surface 



As emphasized in [TJ (see Pages 961-962 there), the EM plane wave equation "has exactly 
the form of the equation for the gravitational plane wave " and "in the limit of very small 
wavelength the two solutions are completely indistinguishable. Their metrics are identical" 
etc. Thus, in this limit one may use the former process of finding the geometry of the 
gravitational trapped surface for calculating the corresponding surface related to EM waves. 
We should only take into account that an EM wave advancing along the z direction is 
characterized by the unit polarization vectors e x , e^. Thus, as in Eq f fT8l) . one may write 
the EM metric components h^ , hM^ 1 as 



where A x , A y are the x and y amplitudes of the EM wave which are considered to be equal 
as the corresponding xx and yy components of the amplitude A + (see Pages (952-953) in 
PQ). Using the last equation one may write the metric in the (x, y, z) coordinate system as 



Using the transformation relations x = pcos(</>), y = psin(0), z — z, e x = cos(0)e /5 — 
sin(0)e^, e y = sin(0)e^ + cos(0)e^, = e^, we first express the metric from Eq (B2) in 
the cylindrical coordinate system (p, </>, z) and use, as for the gravitational case (see the 
discussion after Eq (12TI)). the no-rotation assumption for which h^dpdcj) is identically zero 
so that 







(^ M )(x, y ,z) = hf^dx 2 + h^fdy 1 = A x cos{kz - ft) [e ± dx 2 + e y dy 2 ^j (B2) 



(ds EM )l 



h% M dp 2 + hWdtf = cos(kz - ft)- 
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| (cos 3 (c/>) + sin 3 (») + (sin 2 (0) cos(» - cos 2 (» sin(</>)) e^dp 2 + (S3) 
+ | (sin 2 0) cos(0) + cos 2 0) sin(») + (cos 3 (0) - sin 3 (») \p 2 



2 ii2 



Using again, as in Eq ( l23l) . the relations x = a(p) cos(^), y = a(p)sin(0), z = one 
may write the metric as 



(ds^) 2 = dx 2 + dy 2 + dz 2 = (a 2 (p) p + b 2 (p) p )dp 2 + a 2 {p)d(j) 2 = 

= h^U 2 p + hffd 2 cf> = C os(kz-ft). 
(cos 3 (</>) + sin 3 (0)) e p + (sin 2 (0) cos(0) - cos 2 (0) sin(0)) e^dp 2 + 
+ 1 (sin 2 (0) cos(0) + cos 2 (0) sin(0)) e p + (cos 3 (</>) - sin 3 (0)) \p 



(S4) 



2 i/2 



The appropriate expressions a(p), a(p) p , b(p) which determine the geometry of the relevant 
trapped surface are obtained from Eq (B4) as 



a(p) = p 



cos 



(kz - ft) I (sin 2 (0) cos(0) + cos 2 (0) sin(0)) + (cos 3 (0) - sin 3 (0)) e q 



cos(kz - ft)\ (sin 2 (0) cos(0) + cos (0) sin(0)j + (cos 3 (0) - sin 3 (0)j e 



b(p) = dp 



cos(kz — ft)< (cos 3 (<fi) + sin 3 (0)) + (sin 2 (0) cos(0) — cos 2 (0) sin(0)) > — 



(55) 
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Table 1: The table compares the holographic evolutions for the electromagnetic and gravi- 
tational waves from the initial stage of following the separate subject and reference waves to 
the final stage of reconstructing the subject wave and forming the trapped surfaces. 



N 


The holographic evolutions 
for the electromagnetic 
and gravitational waves. 


The electromagnetic 
wave holography. 


The gravitational 
wave holography. 


1 


The initial subject and reference 
waves where e Sj , e Sk , e Rj , e Rk 
are the EM polarization vectors 

aM e +S jfc > e +S jfc > e Xfl jfc ' e +R jk are 

the GW polarization tensors. 


SfM=(A s .e Sj +A Sk e Sk y 

, e -ift e ikr s A s 

H jk -y A Rj e Rj +A R k e Rk> 
■ e~ i f t e ikr R A R 


h^j k =(A + se +s . k +A xsexSjk ). 

, e -ift e ikr s n' s 

h R]k -{A +Re+Rjk +A xRexR ^) 
, e -ift e ikr R ti R 


2 


The total intensities of the inter- 
-fering subject and reference waves 

where lf s + R)o , lf s T +R)o denote the 
terms which do not depend upon 
the complex exponentials and 
I(s+r) 1 i Ifs+Rh denote the terms 
which depend upon them 


tEM _tEM ,jEM _ 
1 S+R— 1 (S+ R) +J (S+R) 1 ~ 

(Ag.e 8 . +A Sk e Sk y 

(.,,,,). 

+ \AR j e R .+A Rk e Rk J- 

.\A R .e Rj +A Rk e Rk j + 

r / \ 
+ \ [ As ] es j +As k e Sk j- 

•( A «j e «i +A «fc e «fc) ■ 

, e ik(r s n s -r R n R ) 


jTT _jTT ijTT _ 
1 S+R- 1 (S+R) +1 (S+R) 1 - 

•I A+„e + „ +A X e x „ + 

V A 

1 / \ 

+ { A +s e +s jk + A -s e -s jk )- 

■( A +R e +R jk + A yR^R jk ) ■ 
, e ik(r s n s -r R n R ) 


3 


The exposure related to the total 
intensities where r e is the expo- 
sure time 


rpEM_rpEMj_jpEM_TEM „ 

E _±, + El -I s+R r e - 

_ T EM ,tEM 

(S+H) e_r (S+fl)i e 


is -iS +H 1 -l s+R r e - 

-jTT 4-fTT 

— '(S+fi)o Te+J (S+J?.)i Te 


4 


The optics and GW holograms 

expressed by the respective 

amplitude transmittances t E EM 
and t E TT as functions of the 
exposures E EM , E TT in the 
limit of linear recording 


+ —+EM ( t7>EM\,t?EM dt E 
t E EM-t j+^i -Je-\ e EM 


t B TT=t^(^)+Br^fl B TT 


5 


For reconstructing the holographic 
EM and gravitational images the 
reference waves Rf^ 4 , h R ^ k are 
sent to the respective holograms 
t gEM and t E TT 


Rf k M =(A Rj e Rj+ A RkeRk )- 

, e -ift e ikr R A R 


^J fe = ^+ fl e + fl3fc +^x fl e x ^ fc ). 

.g-i/tgifer^n-jj 


6 


The reference waves Rf™ and Hj^ 
are decomposed at the respective 
holograms t E EM and t E rr in the 
limit of linear recording to the 
holographic images Sf k M and hi? 


R fk M V« =C EM-Sf k M = 

=C EM - (A Sj e Sj +A Sk e Sk )- 

, e -ift e ikr s A s 


h R 1 j k ^ETT = C TT-h^J k = 

=C TT iA +s e +Sjk +A Xs e XSjk )- 

. e -ift £ ikr s n s 



TABLE 1 



27 



N The holographic evolutions 
for the electromagnetic 
and gravitational waves. 
continued 



The electromagnetic 
wave holography. 

continued 



The gravitational 
wave holography. 

continued 



J sin(4</>) 



The geometry of the trap- 
-ped surfaces resulting from 

the influences of the EM 

and gravitational waves. 
The trapped surface for 
the EM case results for 

the special condition of 

very small wavelength. 

Note that the geometries 
given by a EM (p), a EM {p) p 
b EM (p), a TT (p), a TT (p) p , 

b TT (p) are for the 
embedding surfaces only 
(see text). 



cos(kz— ft)s I sin (</>) cos(0)+ 



a™(p)=p 

+ cos 2 (<p) sin(0) J e,,+ | <•»*>•'(<>)• 
-sin 3 W>) Jej 



cos(fcz— ft) 



a TT (p)=P 



■(A+-A x ) \ e^e^+e^e^ + 



A + cos 2 (20)+A x sin 2 (20) 



cos(kz—ft)s I sin (<j>) cos(0)+ 



a EM (p) P - 

+ cos 2 (0) siiH/i) J c j <-os :i io) 

-sin 3 (0) le. 



cos(kz— ft)s — 



,in(4<j>) 



a TT (fi) P - 



(A+-A x )[ ep^e^+e^ep ) + 



+ A + cos 2 (2<j))+A x sin 2 (20) 



b EM (p)=Jdp cm/ | cs :i (nl- 
+ sin 3 (0)^ ep+ ^sin 2 (0) cos(0)- 

-cos 2 (0)sin(0) ) ei \-(a EM (p) P ) 



b TT (p)=Jdp 



cos(kz-ft)l Sl^±tl 



■(A x -A + )[ ep^e^+e^e p 
A + cos 2 (2<j>)+A x sin 2 (20) 



'(« TT (p)p) 2 
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